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Leading-Edge Force Features of the
Aerodynamic Finite Element Method
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Introduction

THE aerodynamic finite-element method has been shown to
be a reliable tool in analyzing the aerodynamic charac-

teristics of complete airplane configurations.1'2 However,
these methods do not account for the leading-edge thrust at
subsonic speeds and at supersonic speeds with subsonic lead-
ing edges. At subsonic speeds, there exist several methods
of evaluating the leading-edge thrust distribution in the liter-
ature. Garner, Hewitt and Labrujere compared the com-
puting efficiency of the methods of NPL, BAG and NLR.3
Wagner's method4 and Lamar's method5 also included the
leading-edge thrust computation. The current vortex lattice
method seems in most cases to predict an induced drag
parameter which is less than the minimum value, or I/(TTA),
so that a scaling factor is required to evaluate correctly the
suction distribution.6 All these methods are applicable only
to planar wings, except the vortex lattice method which may
be applied to cases with fuselage of circular cylindrical cross
section and with nonplanar tail location. At supersonic
speeds, no metho'ds seem to be available for arbitrary plan-
form shapes including nonplanar tail and fuselage effects.

In this Note, a practical method of computing the leading-
edge thrust distribution by finite element method is formu-
lated. When incorporated into a wing-body aerodynamic
computer program, the present method is capable of predicting
at subsonic and supersonic speeds the leading-edge thrust
distribution (and therefore, the lateral-directional stability
derivatives due to roll) and the nonlinear aerodynamic
characteristics of low aspect-ratio wings with leading-edge
separation through the application of suction analogy.

Method

The leading-edge suction forces per unit length of the leading
edge are given by the following expressions7

X= -(77/8)400(1 - Moo2 cos2AL.E.)1/2x
y. _ ~ ^ I V _> V (\ ^

(2)

In Eqs. (1) and (2), #00 is the freestream dynamic pressure,
Moo the freestream Mach number, AL.E. the local leading-edge
sweep angle and ACP the difference in the pressure co-
efficients. The x axis is positive downstream and the y axis
is positive to the right. The ACP values near the leading
edge are obtained by extrapolation from the discrete ACP
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values computed with the finite-element method and are given
by the following expression

ACP = (1 — f)1/2f ~1/2/(£) - (3)

where £ is the nondimensional x coordinate measured in
local chord length from the local leading edge and /(£) =
a0 + 0i£ + «2^2 + ..., where a0, al9 etc. are obtained by
interpolation of the computed discrete ACP values. The
number of unknowns retained in /(£) equals the number of
chordwise panels used. The sectional leading-edge thrust
coefficient is therefore given by

= -(7T/8)(A//Aj;)(l - Moo2 cos2AL.E.)1/2(ACp)2^| ,_0 (4)

To evaluate the static aeroelastic effect on the leading-edge
thrust distribution, it is known that the pressure distribution
after aeroelastic distortion is given by7

(ACP) = (5)

where As- is the aerodynamic panel area, (1) the identity
matrix, (A) the aerodynamic influence coefficient matrix,
(Co) the structural influence coefficient matrix, m the aero-
dynamic panel mass and g the gravitational acceleration. To
compute the induced drag distribution, the new inclination of
each panel to the freestream is needed. This new inclination
is the sum of the original angle of attack and the elastic dis-
tortion angle 0E given by

= [CD - ^ - (m)g} (6)

It has been found that the total lift and moment coefficients
predicted by the finite-element method are not too sensitive
to the chordwise paneling scheme. However, an accurate
pressure distribution can be obtained only if smaller panels
are used near the leading edge. Define /* as the distance
from the trailing boundary of the zth panel to the wing leading
edge referred to the local chord length. Then 10 = 0 is the
wing leading edge. Woodward1 has successfully used the
scheme (lt) = (0, 5, 15, 25, 35, 45, 55, 65, 75, 85, 100) for 10
chordwise panels. However, it was found in the present
study that the induced drag parameter CDi/CL

2 cannot be
correctly predicted by the Woodward's scheme, because the
accuracy of CDi/CL

2 by that scheme depends on the aspect
ratio, the sweep angle and the Mach number. It was also
found not necessary to always use 100 panels for the half wing
to predict accurately the lift coefficient. To save computing
cost yet retain accuracy, 80 panels over the half wing were
used in the present study, with 10 approximately equal span-
wise strips and 8 chordwise rows. With 8 chordwise rows,
the average chordwise panel size is 12.5 (or 100/8)% of the
local chord. Since it is essential to use smaller panels near the
leading edge, it was decided to increase the panel sizes grad-
ually toward the trailing edge, as given by the following
scheme

lt = 0, /2, 12, 21, 33, 48, 63, 81, 100, / = 0, 1, ..., 9 (7)

/2 was assumed to depend only on aspect ratio, sweep angle
and Mach number. If 12 is 5 % on the average, then the panel
sizes in percentage of the local chord given by Eq. (7) would be
5, 7, 9, 12, 15, 15, 18 and 19. Correct value for 72 is obtained
by correlation, as described below. Three planforms with
known CDiICL

2 each were chosen for correlation in subsonic
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Table 1 Comparison of computed induced drag parameters by various methods

Planforms

Variable-sweep
wing

Warren 12

Cropped double
delta

Highly swept
and tapered

Constant chord
swept-back

Constant chord
swept-back

Double delta

Double delta

A Moo

4.303 0.23

2(2)x /2 0.0

3.436 0.0

1.697 0.28

2.0 (2)1/2

2.24 1.2289

3.2023 2.0

3.0077 (2)1/2

Methods

Wagner
Present

NLR wake integral
Present

Wake integral
Present

Wake integral
Present

Exact
Present

Exact
Present

Exact
Present

Exact
Present

CDi/CL
2

0.075
0.07918

0.11344
0.12079

0.09270
0.09298

0.188
0.18992

0.24
0.24

0.20714
0.2080

0.4403
0.43979

0.229
0.22471

References

4

3

5 (p.

5 (p.

8

8

9

9

58)

71)

and supersonic flows. For the subsonic case, these known
results are from wake integrals by other theoretical methods.
For the supersonic case, exact linear results for simple plan-
forms were used (two aspect ratios and two sweep angles).
The Mach number effect was included through the Prandtl-
Glauert Transformation. 12 was determined so that the
computed CDi/CL

2 for each of the three planforms agreed
with the other theoretical results as closely as possible.
From these correlations, formulas for 12 were found by linear
interpolation or extrapolation for the effects of aspect ratios
and sweep angles. For wings in subsonic flow, it can be shown
that
/2 = 4.796 + 0.08160&4 - 2) - 0.00791 t

]8 = (l-Mco2)1/2

tanAL.E.]
(8)

For wings in supersonic flows, it can be shown that

/2 =4.83 + 0.10875(j&4 - 3.3333) + O.lSSieSftan
tan AL.E.] -68.198] (9)

In Eqs. (8) and (9), the arctangent function is to be expressed
in degrees. Note that for variable sweep wings, AL.E.
must be the leading-edge sweep angle of that portion which has
larger dimensions in the span wise direction. In case two
portions have the same dimension in the spanwise direction,
the outer leading-edge sweep angle is to be used. The
numbers given in Eq. (7) can be changed in any reasonable
way and the computed values correlated with known results
to obtain a different set of expressions for 12. Once this is
done, the same scheme can be applied successfully to other
planforms, as indicated by results shown below.

-O- PRESENT METHOD
-&- VORTEX LATTICE METHOD

(REF, 6)
-- WAGNER (REF, 4)

Verification and Applications

Extensive comparison with other theoretical results in
predicting CDi/CL

2 has been made.7 Some of these com-
parisons are shown in Table 1. It is seen that the present
method always gives reasonable results. The spanwise
induced drag distribution for three planforms in Ref. 6 at
subsonic speeds has also been compared. They all show good
agreement.7 For the variable sweep wing, see Fig. 1. In
this case, the strong variation in the induced drag distribution
near the leading-edge crank has not been predicted by the
present method with 10 spanwise strips due to insufficient
number of panels near the crank. The induced drag dis-
tribution for a delta wing is compared in Fig. 2. Another
way of showing the correct leading-edge thrust distribution is
to compare the predicted lateral-directional stability drivatives
due to roll. When referred to body axes, the lateral force and
yawing moment due to steady roll arise entirely from suction
forces along the wing edges. The delta wing of A = 10/3 at

Table 2 Comparison of predicted Cnp9 Cpt and CpY for a delta
wingatM00 = 1

Fig. 1 Comparison of spanwise induced drag distribution for a vari-
able sweep wing of A = 4.303, a = 1 rad, M«> = 0.23.

Derivatives

CYpf
Cnp/x
CIP

Exact10

0.7066
-0.5388
-0.2911

Present method

0.6959
-0.5233
-0.2816
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PRESENT METHOD

EXACT SOLUTION

0.32

0.28

0.24

0.2Q

0.16

0.12

0.08

0.04

O.I Q2 0.3 0.4 0.5 0.6 0.7 0.8 <
Y/b/2

1.0

Fig. 2 Comparison of spanwise induced drag distribution for a delta
wing of A = 3.333, a = 0.1 rad, M^ - (2)1/2,

Moo = (2)1/2 was chosen for comparison, as the exact solution
is available. Results are presented in Table 2, together with
Cip for completeness. It is seen that the present results show
good agreement with exact values.

Another verification and application of the present method
is the prediction of nonlinear aerodynamic characteristics with
leading-edge separation through the application of suction
analogy.7 The results for a delta wing of A = 1.147 and an
arrow wing of A =1.463 both at MM =0.2 show excellent

PQLHAMUS
POTENTIAL THEORY (REF.12)
PRESENT METHOD
EXPERIMENT (REF.12)
POTENTIAL THEORY BY FINITE
ELEMENT METHOD
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Fig. 3 Comparison of theoretical and experimental lift characteris-
tics for a delta wing of A = 1.0 at Moo '= 1.97.

--0-- RIGID
—O— ELASTIC

45° SWEPT WING

.4 .6
Y/b/2

1.0

Fig. 4 Rigid and elastic spanwise induced drag distribution on the
wing surface for a wing-body-tail combination at M^ = 0.8 at sea

level.

agreement with Polhamus' Method.11 The results for a
delta wing of A = 1.0 at Moo =1.97 are compared in Fig. 3.

After establishing the validity of the present formulation,
it is then applied to the prediction of the static aeroelastic
effects on the induced drag. The results for a wing-body tail
combination with 45°-sweep wing at sea level are shown in
Table 3. The structural influence coefficient matrix was
obtained by beam theory, assuming that both wing and tail are
of the two-spar construction. The airplane mass distribution
was assumed to have the typical values used in Ref. 13. The
fuselage is assumed to be a flat plate which does not contribute
to leading-edge thrust. The tail surface was divided into 30
panels with 6 rows chordwise. The paneling scheme was
obtained by a similar type of correlation. It is seen that due to
the aeroelastic unloading, both CLa and CDi are reduced by
structural flexibility. On the other hand, the induced drag
parameters CDiICL

2 are increased. The induced drag dis-
tribution for Moo =0.8 is illustrated in Fig. 4.
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Fig. 1 Specimen geometry.

Load-Time Dependent Relaxation of
Residual Stresses

DARRELL SIMPKINS,* ROBERT L. NEULIEB,* AND
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Introduction

A DIFFICULTY in the structural design of aircraft with
respect to preventing fatigue failures is the application

of data obtained from tests of a few days duration for the
prediction of aircraft life of several years. One commonly
observed phenomenon in specimen test is life lengthening due
to compressive residual stresses which occur as a result of
plastic tensile deformation at a stress concentration.1"4

In a recent test of an aluminum alloy, a load-time relaxation
of residual stresses which shortened the life of a specimen has
been experimentally observed. These results are in contrast
to those obtained by Smith5 and Gassner (reported by
Schijve6) where no significant decrease in life was observed.
In these latter tests only time dependent relaxation was
studied, since the specimens were unloaded during hold
periods.

-The current cyclic tests were conducted to determine the
influence on residual stress benefits due to applying compres-
sive loads to specimens, holding these loads for specified time
periods, and then cycling to failure. These tests were con-
ducted as a part of a larger program investigating, among
other effects, appropriate high end truncation levels for flight
simulation laboratory fatigue tests. Spectra selected for this
program were representative of transport lower wing surface
location loadings.

Test Procedures and Results

The specimens tested were center hole specimens as shown
in Fig. 1. The theoretical stress concentration factor was
2.54 based on net section stresses. The material was
aluminum 7075-T651 bare.
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The test load sequences were as shown in Fig. 2. Test
sequences 1 and 2 were run to establish baseline data for
comparison with results for test sequences 3 and 4. The
constant amplitude loading varied from 5-25 KSI net section
stress in all four sequences. The single preload was 45 KSI
net section stress in all four sequences while the compressive
load in sequence 2 and the compressive load held for a
specified time in sequences 3 and 4 was —7.5 KSI net section
stress. The single hold period in sequence 3 and the two hold
periods in sequence 4 were of 24 hours duration each. Be-
tween the two hold periods in sequence 4, 3000 constant
amplitude cycles were applied. The sequences were applied
to specimens in laboratory air except during the hold periods
when the temperature was controlled at 85°F. Constant
amplitude loads were applied at a rate of 5 Hz.

The results of these tests are given in Table 1.

Discussion

The results presented in Table 1 indicate that all benefits
due to compressive residual stresses observed in aluminum
specimen tests of a few days duration may not be observed
in actual aircraft lower wing surface structures which sustain
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Fig. 2 Test sequences.


